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In a recent comment [1] on our paper [2] Syrwid, Kosior, and Sacha (SKS) asserted that we did
not correctly calculate the chiral soliton energy ELAB in the lab frame, and further that the system
we proposed is not capable of supporting a genuine quantum time crystal. We concede that we did
not correctly calculate ELAB but we illustrate below that our system can nonetheless display time
crystal behavior with a ground state that is spatially localized and rotating.
In the comment by SKS [1] the new chiral solitons on a
ring that we derived in our paper [2] are not at issue, but
rather whether these can realize a genuine quantum time
crystal. We concede that we used an incorrect expression
for ELAB , but this means that we need to re-examine our
results in light of this. For this purpose we adopt the
analysis and notation from the comment by SKS [1], in
particular, ELAB is given by Eq. (5).
To see how a time crystal can arise first note that an
overall phase factor exp(iΘ) arises between Eqs. (2) and
(3) relating Ψ(x, t) and Φ(x− ut, t), where
Θ = −φ
2
+
mux
~
+
a1N
~
∫ x
ds|Φ(x− ut, t)|2.
Here for our ring geometry φ = qθ, with q the winding
number of the Laguerre-Gaussian laser beam used to in-
duce the gauge potential, and converting to the scaled
variables of Ref. [2] we find (
√
RΦ→ ϕ)
Θ(θ, τ) = −qθ
2
+
uθ
2
+ a
∫ θ
dθ′|ϕ(θ′, τ)|2.
Then requiring that [Θ(θ+ 2pi, τ)−Θ(θ, τ)] is an integer
multiple of 2pi so that both Ψ and Φ are single-valued
and obey periodic boundary condition on the ring, and
using the normalization condition
∫ 2pi
0
dθ′|ϕ(θ′, τ)|2 = 1,
we find for the quantized values of the scaled velocity
u =
{
2k − api , when q is even
(2k − 1)− api , when q is odd
where k = 0,±1,±2, . . .. We demand that Φ obeys pe-
riodic boundary conditions in the rotating frame so that
the ground state is nodeless and has at most a constant
overall phase. The above form for the quantized scaled
velocities u extends the discussion in Ref. [2]. The key
point is that the minimum allowed value of the magni-
tude of the scaled velocity |u| need not occur at u = 0.
As an illustrative example Fig. 1 shows ELAB for the
chiral soliton versus scaled velocity u for q even, a = pi2 ,
and g = −6: These calculations employ the scaled ver-
sion of ELAB in Eq. 5 of SKS, and use the exact solutions
for ϕ(θ, τ) in terms of Jacobi-elliptic functions [3, 4] that
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FIG. 1: Scaled energy ELAB in the lab frame versus scaled
velocity u for q even, a = pi
2
, and g = −6. The circles mark the
lowest two allowed velocities. The inset shows the spatially
localized probability density profile |ϕ(θ, τ)|2 in the rotating
frame versus θ for the rotating ground state with u = − 1
2
.
obey the periodic boundary conditions imposed by the
ring, as opposed to the hyperbolic-secant approximation
used in Eq. 7 of SKS. The global minimum occurs for
u = 0, but for this example u = − 12 is the allowed veloc-
ity of smallest magnitude, which therefore corresponds
to a rotating ground state. The circles in Fig. 1 mark
the lowest two allowed velocities. But to be a genuine
time crystal the probability density profile of the ground
state should also be spatially localized. This can be the
case if the scaled parameter g˜ = (g − 2au) < −pi, for
which a quantum phase transition occurs leading to spa-
tially localized solutions [2, 4]: The kink in the lab energy
curve at u ∼ −0.9 marks the velocity below which the
quantum phase transition to the homogeneous state oc-
curs. For the above ground state g˜ = −4.43, and the cor-
responding spatially localized probability density profile
|ϕ(θ, τ)|2 in the lab frame versus θ is shown in the in-
set of Fig. 1. This illustrative example shows that our
system is capable of exhibiting genuine time crystal be-
havior. Note that setting a = 0 in the above example
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2yields u = 0 for the ground state, so that the current
nonlinearity is key in our proposal. All of these results
are in qualitative agreement with Eq. 7 of SKS when
account is taken of the quantization of the velocity u.
In conclusion, we are grateful to SKS for pointing out
that we used the wrong form of the energy of the chiral
soliton in the lab frame, but their conclusion that a
genuine quantum time crystal can not be formed in our
system is not correct.
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